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1. Preliminaries 



Unless stated otherwise, throughout the note X P r will be an nonsingular 
connected projective variety of dimension n with large and residually finite funda- 
mental group tti(X). Let Ux denote its universal covering. 

Let Lx be a very ample line bundle on X defining the embedding. Given X and 
Cx as above, we will define a real analytic 7ri(AT)-invariant Kahler metric A on Ux- 
The metric will be given by Calabi's diastatic potential [C]. 

Next, we establish another version of the uniformization theorem [Tl] by con- 
structing yet another 7ri(AT)-invariant Kahler metric E on Ux provided 7Ti(X) is 
nonamenable. It will be a Bergman-type metric with negative Ricci form. Hence 
the canonical bundle %x will be ample by Kodaira. So, we can apply our earlier 
uniformization [Tl, Sections 3, 4] because ni(X) is nonamenable. 

Diastasis [C] . Let M denote a complex manifold with real analytic Kahler metric. 
Let $ denote a real analytic potential of the metric defined in a small neighborhood 
V C M. Then there exists a unique holomorphic functional element F on an open 
neighborhood of the diagonal in M x M such that F(p,p) = <&(p). Then the 
functional element of diastasis is defined by 

D M (p, q) ■= F(p, p) + F(q, q) - F(p, q) - F(q, p) (p, q G V). 



2. Metric A 

The hyperplane bundle on P r restricts to Cx, called a polarization on X. Given 
any polarized Kahler metric g on X , one can find a Hermitian metric h on Cx- We 
will consider the volume form dV g , and we will use the same volume form on all 
the coverings of X. For each positive integer mo, the Hermitian metric h induces 
a Hermitian metric h m ° on , as well as on all inverse images of on the 
coverings of X. 

One chooses an orthonormal basis . . . , ) of the space H°(X, of 

all global sections of C^ . We get an inner product and a natural embedding: 

(C°, := yj-^ J x h m °(sT, sf°)dV g ; x ,m o : X ^ P^o . 



Let gps be the standard Fubini-Study metric on P Tm o . The ^-multiple of gps on 
pr mo res tricts to a Kahler metric on X: 

1 ,* 

9X,m : = — < Px,m Q 9FS- 

UlQ 

One of the main results of Tian in [Ti] (Yau's conjecture) says gx,m converges to 
gx in C 2 -topology. His proof is local by nature. 

Similar statement holds for all finite coverings of X as well as for a small neigh- 
borhood V p of a point p E V p C Ux- One considers L 2 -integrable sections over V p . 
We consider a tower of Galois coverings with each Gal(Xi/X) a finite group: 

X = X ^ X 1 4 r - X 2 i ^U x , f)Gal{U x /X i ) = {l} (0 < % < oo). 

i 

Let Ti : Xi — > X and r : Ux — > X denote the projections. Then the bundles r*Cx 
(0 < i < oo) are ample. However, t*Cx's are not necessary very ample bundles. 

For an appropriate mj, the bundle (r* Cx)® mi is very ample hence it defines an 
embedding <j>Xi,m,i '- Xi > P rm i . As above, we get a metric gxi,m, on Xi and the 
corresponding diastatic potential. 

Finally, we consider the integers := rrii + j for < i,j < oo. As above, we 
obtain the metrics gxi,m i: j on Xi. 

As we mentioned, the volume forms are arising from X, and the Hermitian 
metrics on the corresponding bundles are arising from the Hermitian metric h on 
Cx- The pullbacks to V p of the metrics on X^s are smaller than the corresponding 
metrics on V p . 

We pull back all the metrics in the tower of finite coverings of X to the neigh- 
borhood V p . By the result of Tian [Ti], we get the converging sequence of metrics 
in the neighborhood V p . All the metrics in the sequence are the Bergman-type 
metrics. Hence, we get the convergence of the corresponding Hermitian kernels 
of positive type (see the definition in [FK, p. 6]). We get the convergence of the 
diastatic potentials. As the limit, we obtain the diastatic potential of the desired 
Kahler metric A at the point p. It is easy to see that the diastasises generate a 
global strictly plurisubharmonic function on Ux (compare [T2]). 

Example. Let C be a curve of genus g(C) > 2. We will assume: 

Kg' c C c c X® m 

where %c is the canonical bundle, and £, m are appropriate large integers. We have 
the embeddings of C and A = Uc in the corresponding projective spaces given by 
the corresponding powers of canonical bundles. We get the Bergman metrics on C 
and A. The corresponding Bergman kernels B A]3C ®* are well known for alH > 1. 
The corresponding diastatic potential equals logB^x®*- 

Now, if C is a general curvilinear section of the projective variety X then we 
consider the inverse image of C on Ux- We obtain an open Riemann surface 
Rc C Ux in place of the disk A. The corresponding Bergman kernel B^ ^®* is 
the Poincare series of Ba,/c®* (see, for example, [D, Section 1]). 
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3. Uniformization 



In 2010, Frederic Campana asked the author whether one can establish the uni- 
formization theorem (see [Tl]) with assumptions on the fundamental group only. 
In fact, one can prove the following 

Theorem. Let X <— >■ P r will be an arbitrary nonsingular connected projective va- 
riety of dimension n with large and residually finite fundamental group tti(X). If 
tti(X) is nonamenable then Ux is a bounded domain in C n . 

Proof. Since tt\{X) is nonamenable, the space of bounded harmonic functions on 
Ux is infinite-dimensonal (see [Ki, Theorem C], [To, Theorem]); moreover, if tti(X) 
is amenable then the above space contains only constants. Their theorems gener- 
alize an earlier result in [LS, Theorems 3, 3']. 

The following theorem is proved in [Ki]: Let V be a discrete group acting on a 
separable metric space M so that the quotient M/Y is compact. Suppose that H is 
a linear subspace of the space of all bounded continuous function on M such that 
no nonconstant function from H may attain its supremum in a point of M . If H 
is invariant under the action of all operators T 1 , 7 e T, given by T 1 f{x) = fi'jx) 
(f G H,x e M), then either H contains only constants or H is infinite- dimensional. 

We proceed by induction on dimension. If n = 1 then our theorem follows from 
the classical theorem of Kobe and Poincare since tti(X) is nonamenable provided 
g(X) > 2. We will assume n = 2 and proceed to the uniformization. For n > 2, 
the induction step from n to n + 1 is similar only easier. 

Let C C Ux be the preimage of a sufficiently general curvilinear section of X. 
In local coordinates z = (z\, . . . , z n ), C is given by {f(z) = 0}. A global section of 
t*£x <S> 0Cu x can be written locally as u := i( z )( dz ^^ Adz ^ with q(z) a harmonic 
function. 

One can define the Poincare residue map t*Cx ® %u x ~^ [GH, p. 147]: 

q(z)(dzi A • • • A dz n ) , i _ 1 q(z)(dz\ A • • • A dzi A • • • A dz n ) , 
— m ->«=-(-!) W U 



where i is such that §^ ^ 0. Similarly we get the map t* Cf <g> %^ x -> 

First, we will show that how to get an immersion of Ux into infinite-dimensional 
projective space with its Fubini-Study metric (compare [Kob, Chapter 4.10], [G, 
Section 3]). We fix a sufficiently large integer t and consider the Hilbert space of 
square-integrable harmonic sections 

U:={ueH\r*Cf®X® t x )\f ^J^A < 00} 

Jux Pa 

where dVol^ := pAd/J, is the volume form of the metric A and dfj, is the Lebesque 
measure on Ux- This Hilbert space is defined correctly (compare [Kol, Chapters 
5.13, 7.1]). Furthermore J Ux < 00. 

We get a natural map v into an infinite-dimensional projective space. We will 
show that v is an immersion. For a direction I on Ux at the point a, we have to 
find a section u a such that the corresponding q a {a) = and ^§f{a) 7^ 0. 

We assume I is tangent to a curve R (= connected Riemann surface) that is the 
preimage of a curvilinear section of X. Clearly we can find a nontrivial bounded 
harmonic function that will vanish at a. 

3 



If necessary we differentiate this function an appropriate number of times in 
the direction I at a G Ux- On R, we obtain a bounded function times X s (u) := 
(1 — |w| 2 ) _s . This follows, for example, from a local result in [DP]. The resulting 
section u a will be in % because of the definition of A. Indeed, X 2 (u) = 7tBa(«, it) 
where Ba(u,u) is the Bergman kernel function of the disk. For the corresponding 
q a (u), we get q a (a) = and %-(a) ^ 0. 

Note. Let t be a real direction on R at a point a G R. Since harmonic functions are 
real analytic, one can choose a nontrivial bounded harmonic function q a on Ux and 
local real coordinates around a on R such that not only q a (a) = but ^§f{o) ^ 0. 
Here I will coincide with one of the local coordinates. 

By the above, we obtain a Bergman-type Kahler metric on Ux via the immer- 
sion in an infinite-dimensional projective space (compare [Kob, Chapter 4.10], [G, 
Section 3]). This metric, denoted by E, will have a negative Ricci form. Moreover 
E will be 7Ti(X)-invariant. Hence the canonical bundle on X will be ample by 
Kodaira. 

Next, for an integer t, we can assume that % x l will be very ample on X, and 
its preimages on all finite coverings of X (in our tower of coverings) will be very 
ample as well [Kol, Chapter 16. 5]. 

On all the finite coverings of X, we consider the Bergman- type metrics similar 
to the Bergman- type metric defined by the Hilbert space H. We, now, consider 
only holomorphic sections of %^ and t*3C®*. 

We pull back on Ux all the metrics and take the limit. The limit will exist 
because each pullback metric will be smaller than the metric defined by H (see [T3, 
2.1]). Moreover, the limiting metric will a Bergman-type metric. It will define an 
embedding into an infinite-dimensional projective space. 

We conclude the prove of the uniformization in our case exactly as in [Tl, Sec- 
tions 3, 4]. 
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